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WnHy MobpAL LoGic

SIMPLICITY

Simple extension of classical propositional logic by

O and O

EXPRESSIVITY: MANY INTERPRETATIONS OF 1/
@ Necessity/Possibility
@ Obligation/Permission

@ Kiripke or relational frames
@ Descriptive frames

@ Algebraic

O Topological
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MobpAL LogGIic

LANGUAGE AND WELL FORMED FORMULAS

SYMBOLS

@ Propositional variables/letters: Uar = {po, p1, p2, ... }
@ Logical connectives: T, L, =, ¢, O, A, V, —
@ Punctuation: ( and )

v

© Propositional letters and T and L
@ If v,1 are WFF then so are

(=), (Ov), (Op)
(e AY), (pV), (v — )

NoOTE: Drop parenthesis—Unary connectives bind closer than binary;
e.g. write Op — p for ((dp) — p)
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MobpAL LogGIic

BAsic AXIOMS AND INFERENCE RULES

DEFINITION

L is a (normal) modal logic if L contains:

@ Classical tautologies: e.g. pV —p and p — (g — p)
@ K=0U(p— q) — (Op — Uq)
Q Op < —~O-p
and L is closed under the inference rules:
@ Modus Ponens (MP)
@ Substitution (Sub)
@ [-necessitation (N)

(MP) W (SUB) :;(P) (N) -2




© K least modal logic: Logic of all frames
Q@ K=K+ 00p— Op
logic of transitive (YwVvVu wRv & vRu = wRu) frames
Q@ S4=K4d+p—Op
logic of reflexive (Vw wRw) and transitive frames (a.k.a.
quasi-order or preorder)
QO KAD=K4+ 0T
logic of serial (Yw3v wRv) transitive frames

o U(p—q) — (Op— Dq)
O(p A q) < (Op Alq)
OlpV q) < (OpV 0q)

e Lp < =0-p
Op < —U=-p

DA
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SOME WELL-KNOWN MoDAL LOGICS

@ K least modal logic: Logic of all frames
Q@ Ka=K+OOp— Op
logic of transitive (VwVvVu wRv & vRu = wRu) frames
Q@ S4=K4+p—Op
logic of reflexive (Yw wRw) and transitive frames (a.k.a.
quasi-order or preorder)
O KAD =K4+ 0T
logic of serial (Yw3v wRv) transitive frames

e U(p— q) — (Op — Uq)
O(p A q) < (Op Aq)
OlpV q) < (OpV 0q)

e Up < =0-p
Op < —U-p
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TOPOLOGICAL SPACES

Call (X, ) a topological space if
T C P(X)

QO X, o¢er

Q U Ver=UnVer

@ U; e 7= | Ui € 7 for any indexing set /

icl

Uopen: UerT
Cclosed: X —Cer
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TOPOLOGICAL SPACES

Call (X, ) a topological space if
T C P(X)

QO X, o¢er

Q U Ver=UnVer

@ U; e 7= | Ui € 7 for any indexing set /

icl

Uopen: UerT
Cclosed: X —Cer

For A C X there are

INTERIOR The greatest open set contained in A, int(A)

CLOSURE The least closed set containing A, A
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PROPERTIES OF INTERIOR AND CLOSURE

SET OPERATIONS

int(A) = (J{uer:ucA}
({C:AC Cand X - Cer}

hN
I
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PROPERTIES OF INTERIOR AND CLOSURE

SET OPERATIONS

int(A) = (J{uer:ucA}
A = ({C:ACCand X—Cer}

CHARACTERIZATION

x €int(A) iff JUeT, xeUandVye U, yc A
x€A iff YUer, xceU=3yclU,ycA
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PROPERTIES OF INTERIOR AND CLOSURE

SET OPERATIONS

int(A) = (J{uer:ucA}
A = ({C:ACCand X—Cer}

CHARACTERIZATION

x €int(A) iff JUeT, xeUandVye U, yc A
x€A iff YUer, xceU=3yclU,ycA

int(A) = X—-X—A
A = X—int(X—A)
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MORE PROPERTIES OF INTERIOR AND CLOSURE

int(A) C A A C A

X C int(X) g C o

int(A) C int(int(A)) ACA
int(ANB) = int(A)Nint(B) AUB = AUB
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DiaMOND AS CLOSURE

I

VALUATIONS

A function v : Uar — P(X) is a valuation
Intuitively, v indicates where each WFF, ¢ is true

Formally, for x € X

x=p
a2
xEeNY
x E Oy
Hence, x| Oy

Topological c-Semantics

iff
iff
iff
iff
iff

Alexandrov Spaces Topological d-Semantics

x € v(p)

X E e

xEpand x =

Uer, xelUandVye U, y o

VUer, xeU=3yel, yEp
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10ell = Tlell
[10pl| = int(||¢]])
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DiaMOND AS CLOSURE
11

OBSERVATION: @ DEFINES A SUBSET OF X

Given v,
Let ||¢|| = {x € X : x = ¢}.Then

10ell = Tlell
[10pl| = int(||¢]])

VALID FORMULAS
@ ¢ is valid in X provided Vv, Vx € X, x | ¢; write X E ¢
Equivalently ||¢|| = X for each v

@ For a class of spaces C, Lc(C) = {p: VX €C, X E=¢p}isa
modal logic (Exercise)

| \
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DiaMOND AS CLOSURE
11

OBSERVATION: @ DEFINES A SUBSET OF X

Given v,
Let ||¢|| = {x € X : x = ¢}.Then

10ell = Tlell
[10pl| = int(||¢]])

VALID FORMULAS
@ ¢ is valid in X provided Vv, Vx € X, x | ¢; write X E ¢
Equivalently ||¢|| = X for each v

@ For a class of spaces C, Lc(C) = {p: VX €C, X E=¢p}isa
modal logic (Exercise)

@ L.(X)={p: X E ¢} incaseC is only one space.

| \
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EXPRESSIVITY AND A BAsic RESULT

FORMULAS AND PROPERTIES

p— Op ACA
Ol — L oCo
O0p — Op ACA

>
C
W
I
|
C
W

OpV q) < (OpV Oq) )
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EXPRESSIVITY AND A BAsic RESULT

FORMULAS AND PROPERTIES

p— Op ACA
OL — L JCO
O0p — Op ACA
O(pV q) <= (OpV Oq) AUB=AUB

THEOREM
Let Top be class of all topological spaces, L.(Top) = S4.

| N
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EXPRESSIVITY AND A BAsic RESULT

FORMULAS AND PROPERTIES

p— Op ACA
OL — L JCO
O0p — Op ACA
O(pV q) < (OpV 0q) AUB=AUB ]

Let Top be class of all topological spaces, L.(Top) = S4.

L.(Top) 2 S4 (Sound)
L.(Top) C S4 (Complete)
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Put xR,y iff x € {y}

Call R the specialization order on X (generated by 7)
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SPECIALIZATION ORDER AND S4-FRAMES
I

DEFINITION

Let (X,7) € Top

Put xR,y iff x € {y}

Call R the specialization order on X (generated by 7)

BAsic RESULTS (EXERCISES)

@ R- is a quasi-order
@ If 7is T1 (points are closed) then R. = {(x,x) : x € X}

EXAMPLES: 7 TO R,

© Two point spaces: trivial, Sierpinski, discrete ((R,)~! is
closure)

@ Real line R ((R;)~! is not closure)
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DEFINITION

Let (W, R) be a quasi-order (reflexive and transitive)
Call UC W an R-upsetif w e U & wRv = v € U
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Call UC W an R-upsetif w e U & wRv = v € U
Let 7r = {U C W : U is R-upset}

Call 7g the Alexandrov topology on W (generated by R)
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SPECIALIZATION ORDER AND S4-FRAMES
I

DEFINITION

Let (W, R) be a quasi-order (reflexive and transitive)
Call UC W an R-upsetif w e U & wRv = v € U

Let 7r = {U C W : U is R-upset}

Call 7g the Alexandrov topology on W (generated by R)

EXAMPLES: R TO T

@ Two point frames: cluster, chain, anti-chain (closure is R™1)
@ Two Fork (closure is R~1)
@ (R, <) (closure is < 1)




Basic Definitions Topological c-Semantics Alexandrov Spaces Topological d-Semantics

SPECIALIZATION ORDER AND S4-FRAMES
ITT

BAsic RESULTS (EXERCISES)

@ 7R is a topology satisfying U; € 7r = (.o, Ui € Tr

i€l
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@ 7R is a topology satisfying U; € Tr = (i, Ui € Tr
Q@ In(W,7R), A= R YA)={we W:3veAwRv}
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SPECIALIZATION ORDER AND S4-FRAMES
ITT

BAsic RESULTS (EXERCISES)

@ 7R is a topology satisfying U; € Tr = (i, Ui € Tr
Q@ In(W,7R), A= R YA)={we W:3veAwRv}
Q If R={(w,w): we W} then Tp = P(W)

@ R is partial order iff 75 is Tg

o Partial order is a quasi-order that is antisymmetric
(YwVv wRv & vRw = w = v)

e In a Tg space for each pair of distinct points there is an open
set that contains exactly one of the pair
(WxVy, Uer,xceU&ydgUorxgU&yeU)
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Uer= ﬂiel U; € T for any indexing set /

E.g. For (W, R) a quasi-order, (W, 7g) is an Alexandrov space
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DEFINITION

Call (X, 7) € Top an Alexandrov space provided

Uer= ﬂiel U; € T for any indexing set /

E.g. For (W, R) a quasi-order, (W, 7g) is an Alexandrov space
Let Alex be the class of all Alexandrov spaces

THEOREMS (EXERCISE)

@ (X, 7) € Alex iff Vx € X there is least U € 7 with x € U
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ALEXANDROV SPACES

DEFINITION

Call (X, 7) € Top an Alexandrov space provided

Uer= ﬂiel U; € T for any indexing set /

E.g. For (W, R) a quasi-order, (W, 7g) is an Alexandrov space
Let Alex be the class of all Alexandrov spaces

THEOREMS (EXERCISE)

@ (X, 7) € Alex iff Vx € X there is least U € 7 with x € U
Q@ R=Ryand 7 C 7R,
@ If (X, 7) € Alex then 7 = 7g_
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C-SEMANTICS REALIZING KRIPKE SEMANTICS

THEOREM

Let (W, R) be a quasi-order

(W, R) [= ¢ iff (W, 7R) |= ¢

@ Frame semantics for quasi-orders is special case of c-semantics
So frame completeness moves to topological completeness

o L (Alex) = S4
() LC(AIexf,-,,) =S4
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L.(X) =S4
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O L(Top) =S4

@ Let X be (separable) metrizable dense-in-itself space,
L.(X) =S4
dense-in-itself: X has no isolated points, that is {x} & 7

0 L(R?)
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@ Let X be (separable) metrizable dense-in-itself space,
L.(X) =S4
dense-in-itself: X has no isolated points, that is {x} & 7

9 L (R*)=L.(R)= L. (Q)
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O L(Top) =S4

@ Let X be (separable) metrizable dense-in-itself space,
L.(X) =S4
dense-in-itself: X has no isolated points, that is {x} & 7

Q Lc(Rz): LC(R): LC(Q): LC(C)
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O L(Top) =S4
@ Let X be (separable) metrizable dense-in-itself space,
L.(X) =S4
dense-in-itself: X has no isolated points, that is {x} & 7
(s Lc(Rz): L:(R)=L(Q)= L(C)=S4

REMARK

Idea is to move frame completeness to topological completeness
via functions that make R~! coincide with closure; i.e.
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COMPLETENESS

O L(Top) =S4

@ Let X be (separable) metrizable dense-in-itself space,
L.(X) =S4
dense-in-itself: X has no isolated points, that is {x} & 7

(s Lc(Rz): LC(R): LC(Q): Lc(c): S4

REMARK

Idea is to move frame completeness to topological completeness
via functions that make R~! coincide with closure; i.e.

Such functions are called interior functions; some examples for R
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REcCALL

Definition: For A C X,

xedA)iffVUeT, xeU=>TyecU—-{x}, yeA
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TOPOLOGICAL DERIVATIVE

LimiT POINT OPERATOR

REcCALL

Definition: For A C X,

xedA)iffVUeT, xeU=>TyecU—-{x}, yeA

Properties:
A = AUd(A)
dw) C @
d(AUB) = d(A)ud(B)

d(d(A)) C AUd(A)
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TOPOLOGICAL DERIVATIVE

DuAL OPERATOR

DEFINITION

Coderivative t is dual to derivative; so ...

tHA) = X — d(X — A)
xet(A)iff IV e, xeU&VyelU—{x}, ye A
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TOPOLOGICAL DERIVATIVE

DuAL OPERATOR

DEFINITION

Coderivative t is dual to derivative; so ...

tHA) = X — d(X — A)
xet(A)iff IV e, xeU&VyelU—{x}, ye A

Also

d(A) = X —t(X—A)

int(A) = Ant(A)
t(X) 2 X
t(AnB) = t(A)Nt(B)

ANt(A) C t(t(A))
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Topological c-Semantics Alexandrov Spaces Topological d-Semantics

DIAMOND AS DERIVATIVE

I

VALUATIONS

A valuation is v : Yar — P(X)

xEp

X =g
xEeANY
x = Op
Hence,

x E Qp

iff
iff
iff
iff

iff

x € v(p)

X e

xEpand x 9

JUer, xeUandVye U—{x}, yE o

VUer, xelU=3JyelU—-{x}, yEv
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DIAMOND AS DERIVATIVE
11

As BEFORE: ¢ DEFINES A SUBSET OF X

Given v,
Put ||| = {x € X : x = ¢}. Then

10¢ll = d([~l])
100l = t(llell)

VALIDITY
@ ¢ is valid in X provided Vv, ||¢|| = X

Q Ly(C)={¢:VX eC, X [ ¢} is a modal logic for any class
of spaces C (Exercise)

| \

@ If L = L4(C) for some class C of spaces, call L a d-logic

@ If L =L(C) for some class C of spaces, call L a c-logic
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SOME TOPOLOGICAL PROPERTIES

RECALL (EXERCISES)

@ (X, 7) is dense-in-itself (dii) if X has no isolated points
(Vx € X, {x} &71)
Equivalently...
d(X) = X

@ (X, 7)is Ty provided points are locally closed
(Vxe X AU e T, {x} =UnNn{x})
Equivalently... VA C X,

d(d(A)) € d(A)
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Alexandrov Spaces

EXPRESSIVITY IN D-SEMANTICS

FORMULAS AND PROPERTIES

Always Valid:

Ol — L

QOp— pVOPp

O(pV q) < (OpV Oq)
Sometimes Valid:
OOp — Op

OT

Never Valid:

p— Op

d@)C o
d(d(A)) S AUd(A)
d(AUB) =d(A)Ud(B)

Topological d-Semantics
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EXPRESSIVITY IN D-SEMANTICS

FORMULAS AND PROPERTIES

Always Valid:
oL — 1L d@)C o
O0p — pV Op d(d(A)) CAUd(A)
O(pV q) < (OpV 0q) d(AUB) =d(A)ud(B)
Sometimes Valid:
O0p — Op d(d(A)) €
OT d(X)=X (dii)
Never Valid:
p—0p  ACd(A)

So d-semantics is strictly more expressive than c-semantics!
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SOME RESULTS IN D-SEMANTICS

THEOREM
@ Ly(Top) =wKa =K+ 00p— pV Op
@ Ly({X € Top: X is Tq}) = K4
Q Ly({X € Top: X is dii and T4}) = K4D

ASs BEFORE:

Utilize results in frame semantics
But the new situation is more delicate
Recall closure ‘was’ R~1... Want similar for d

EXAMPLES:

@ 2 point spaces: trivial and Sierpinski

© Distinguish between line and plane

d(A)Nd(X — A) C d(AnX — A)
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(W, R) is weakly transitive iff (W, R) = 0Op — (pV Op)
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ANALOGUE TO SPECIALIZATION ORDER
I

Call (W, R) weakly transitive if
YwYvWu wRv & vRu & w # u = wRu

(W, R) is weakly transitive iff (W, R) = 0Op — (pV Op)

For (X, 7) € Top, put xSy iff x € d({y})

BAsic RESULTS (EXERCISES)

@ (X, S;) is weakly transitive and irreflexive (no point is related
to itself)

@ S, =R, — {(x,x) : x € X} (recall R; is specialization order)
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Hence...
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e Ts_ is Alexandrov topology
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e S,.=R
o d(A) = R Y(A)in (W,7Rg)

If X is Alexandrov then 7 = 75,
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ANALOGUE TO SPECIALIZATION ORDER
11

MORE BASIC RESULTS (EXERCISES)

@ S,CR
Q 75, =R,
Hence...
o 7 C 75
e Ts_ is Alexandrov topology
@ If R is irreflexive and weakly transitive then
e S,.=R
o d(A) = R Y(A)in (W,7Rg)
@ If X is Alexandrov then 7 = 75_
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D-SEMANTICS REALIZING KRIPKE SEMANTICS

THEOREM

Let (W, R) be an irreflexive weakly transitive frame
In d-semantics

(W,R) E ¢ iff (W,7r) F ¢

@ Frame semantics for irreflexive weakly transitive frames is
special case of d-semantics
o Ly(Alex) = wK4
(Note: wK4 is logic of irreflexive weakly transitive frames)
[} Ld(A|EXf,',,) = wK4
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COMPLETENESS IN D-SEMANTICS

THEOREM

@ For a separable metrizable dense-in-itself O-dimensional space
X, Lqg(X) = K4D
0-dimensional: clopens form basis for 7

Q@ Ly(Q)=L4(C)
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COMPLETENESS IN D-SEMANTICS

THEOREM

@ For a separable metrizable dense-in-itself O-dimensional space
X, Lqg(X) = K4D
0-dimensional: clopens form basis for 7

9 Ly(Q)=Ly(C)=K4D

Q Ly(R?) = K4D + G; where
G1 = (Op A O=p) = O((pV OP) A (=p V O=p))

QO Ly(R) =K4D + G,

REMARK

As before, move frame completeness to d-semantics via functions

Example via R
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